The non-linear fluid dynamics of a warped accretion disc was investigated in an earlier paper by developing a theory of fully non-linear bending waves in a thin, viscous disc. That analysis is here extended to take proper account of thermal and radiative effects by solving an energy equation that includes viscous dissipation and radiative transport. The problem is reduced to simple one-dimensional evolutionary equations for mass and angular momentum, expressed in physical units and suitable for direct application. This result constitutes a logical generalization of the alpha theory of Shakura & Sunyaev to the case of a time-dependent warped accretion disc. The local thermal-viscous stability of such a disc is also investigated.
angular momentum transport in accretion discs (probably magnetohydrodynamic turbulence) may be treated as an isotropic effective viscosity, described by the dimensionless parameter α. For Keplerian discs an important qualitative distinction exists between significantly viscous discs (α > ∼ H/r, where H/r is the angular semi-thickness of the disc), in which warps evolve diffusively (Papaloizou & Pringle 1983) , and almost inviscid discs (α < ∼ H/r), in which warps propagate as approximately non-dispersive waves (Papaloizou & Lin 1995) .
However, a non-linear theory is required in many cases where the disc is warped sufficiently to have observational consequences. Different approaches have been taken to the non-linear problem. Direct numerical simulations have been carried out using smoothed particle hydrodynamics (SPH; e.g. Larwood et al. 1996; . This method makes no attempt to resolve the magnetohydrodynamic turbulence but involves an artificial viscosity over which some control can be exerted. It is most suitable for relatively thick discs of limited radial extent, and these investigations have focused mainly on the case α < ∼ H/r. Usually good agreement is found with linear theory, but new, non-linear effects have also been found. The computational expense makes it difficult to follow the evolution of the disc on the long, viscous time-scale.
Meanwhile, the semi-analytical method has been developed into a non-linear theory. Pringle (1992) adopted plausible evolutionary equations for a thin, viscous disc with a warp of arbitrary amplitude. The equations are simple conservation laws for mass and (vector) angular momentum in one (radial) dimension. The advantages of this approach are that the equations have a clear physical interpretation in terms of torques acting on rings, and that the numerical implementation is much less demanding than for a direct numerical simulation, so that the evolution of the disc on the viscous time-scale is easily described.
In an effort to provide a more complete justification of the latter approach, I have developed a theory of fully non-linear bending waves in a thin, viscous disc, starting from the Navier-Stokes equation in three dimensions (Ogilvie 1999, hereafter Paper I) . It was shown that, in cases where the resonant wave propagation found in inviscid Keplerian discs (Papaloizou & Lin 1995) may be neglected, the problem can indeed be reduced to one-dimensional evolutionary equations as suggested by Pringle (1992) . Moreover, the dimensionless coefficients in the equations, and their variation with the basic parameters of the disc and with the amplitude of the warp, were derived, and a proper connection was made with the existing linear theory. Further discussion of the meaning and validity of this approach is given in Section 5.2 below.
It was recognized that the treatment of thermal physics in Paper I was oversimplified. In order to make the non-linear problem tractable, a polytropic relation was assumed to hold locally in radius. In reality, the thickness of the disc and the stresses between neighbouring rings depend on a balance between the local rate of dissipation of energy and the radiation from the surfaces of the disc. In a warped disc, as a result of induced motions, the viscous dissipation is enhanced where the warp is strongest, and this affects the non-linear dynamics of the warp. The aim of the present paper is to give a proper treatment of thermal physics by solving an energy equation including viscous dissipation and radiative transport. Remarkably, the problem can still be reduced by separation of variables to a set of dimensionless, non-linear ordinary differential equations (ODEs) which yield the required coefficients.
The remainder of this paper is organized as follows. I present the extended set of equations in Section 2 and solve for the instantaneous azimuthal and vertical structure of the warped disc and the induced motions. I then deduce the complete set of evolutionary equations for the warped disc. In Section 3 the evolutionary equations are tested for stability with respect to short-wavelength perturbations. The outcome of numerical evaluation of the dimensionless torque coefficients and the local stability of the disc is presented in Section 4. The results are collected in Section 5 in a concise form suitable for direct application, and the meaning and validity of the theory are discussed. In the Appendix, the possible effects of external irradiation are assessed.
The detailed application of this theory to warped discs in X-ray binaries will be given in a forthcoming publication (Ogilvie & Dubus 2000) .
THE EXTENDED EQUATIONS AND THEIR SOLUTION

The energy equation and radiative transport
The basic equations and notation are taken to be the same as in Paper I (equations I.37-I.39), except that the adiabatic condition (equation I.38) is replaced by an energy equation that includes both viscous dissipation and radiative transport of energy within the Rosseland approximation. The governing equations are therefore the equation of mass conservation,
the equation of motion,
and the energy equation, c 0000 RAS, MNRAS 000, 000-000
Here
is the radiative energy flux, where σ is the Stefan-Boltzmann constant, T the temperature and κR the Rosseland mean opacity. The disc is assumed to be optically thick. The adiabatic exponent Γ(r) is assumed to be a prescribed function of radius, but a polytropic relation is no longer adopted. The equation of state is that of an ideal gas,
where k is the Boltzmann constant, µm the mean molecular mass (assumed constant) and mH the mass of the hydrogen atom. As in Paper I, the dynamic shear and bulk viscosities are assumed to be locally proportional to the pressure, so that
where the dimensionless coefficients α(r) and α b (r) are prescribed functions of radius. Finally, the opacity law is assumed to be of the general power-law form
where Cκ is a constant. This includes the important cases of Thomson scattering opacity (x = 0, y = 0) and Kramers opacity (x = 1, y = −7/2). The appropriate values of Cκ are discussed in Section 5.1 below.
Set A equations
In Paper I the equations of fluid dynamics were derived in warped spherical polar coordinates, which follow the principal warping motion of the disc, and were then reduced by means of asymptotic expansions for a thin disc. In physical terms, this separates the 'fast' orbital motion from the 'intermediate' oscillatory velocities induced by the warp and from the 'slow' velocities associated with accretion. The equations to be considered form two sets. Set A, which determines the 'intermediate' velocities, is a set of coupled non-linear partial differential equations (PDEs) in two dimensions, azimuthal and vertical. The physical content of Set A is as follows. In a flat disc, the pressure and viscous stress are stratified in the vertical direction. When the disc is warped, this produces horizontal forces of odd symmetry about the mid-plane. These forces drive shearing horizontal epicyclic motions in the disc. The horizontal motions couple non-linearly with the warp itself to produce compressive vertical motions, causing the thickness of the disc to vary in azimuth. All the induced motions are subject to viscous damping and contribute to the energy dissipation rate. The problem defined by Set A is effectively instantaneous and local to a single annulus; derivatives with respect to time and radius do not appear because of the separation of scales in a thin disc. The solution of Set A must be obtained in full.
Set B, which determines the 'slow' velocities, is a set of coupled linear PDEs with coefficients depending on the solution of Set A. Set B does not have to be solved, however, because the necessary information can be extracted through certain integrations. This procedure amounts to obtaining the solvability conditions for the set of linear equations, and these conditions are precisely the required equations determining the evolution of the warp. Physically, they involve a calculation of the instantaneous internal torque associated with the 'intermediate' velocities and the deformed structure of the disc, known from the solution of Set A.
By replacing the adiabatic condition with the energy equation (3), equations (I.69) in Set A and (I.74) in Set B are modified. However, the manipulations of Set B in Paper I did not involve equation (I.74) and are therefore unaffected. It is sufficient to consider the modifications to Set A.
Recall that (r, θ, φ) denote warped coordinates, which are based on spherical polar coordinates, but the equatorial plane θ = π/2 is deformed to correspond to the warped mid-plane of the disc. For a thin disc, the scaled dimensionless vertical coordinate ζ is used, where θ = π/2 − ǫζ and ǫ ≪ 1. Also (vr, v θ , v φ ) denote the relative velocity components, which are proportional to the rates of change of the three coordinates following a fluid element. The shape of the warp is described through the unit tilt vector ℓ(r, t), which has Euler angles β(r, t) and γ(r, t). The orbital angular velocity is Ω(r) and the associated epicyclic frequency is κ(r). A prime denotes differentiation with respect to r.
In this paper a simplified notation is adopted in which {ρ0, p0, µ0, µ b0 , vr1, v θ1 , v φ1 } are written as {ρ, p, µ, µ b , vr, v θ , v φ }. No confusion can result because Set B will not be considered explicitly. Similarly, the new quantities {T, F, κR} represent their leading-order terms. Here F = −F θ represents the vertical radiative flux which is the only component present at leading order.
The extended equations of Set A may be written as follows. The equation of mass conservation:
The r-component of the equation of motion:
The θ-component:
The φ-component:
The energy equation:
The radiative flux:
Since only derivatives of the dependent variables with respect to φ and ζ appear in this set, their parametric dependence on r and t is neglected in the notation adopted in the following analysis.
Recall that the dimensionless complex amplitude of the warp is
The two combinations appearing in Set A are
It will be more useful to introduce, instead of the dimensionless epicyclic frequencyκ, the quantity
These are related byκ 2 = 4 − 2q.
Vertical structure of the disc
It will be instructive to consider first the case of a flat disc. Then the above equations reduce to the ODEs dp dζ
subject to the given equation of state, the opacity law, and the boundary conditions
and
where the surface coordinate ζs is to be determined. These 'zero boundary conditions' assume that the disc is highly optically thick and neglect the atmosphere of the disc. The effects of finite optical thickness and external irradiation are estimated in the Appendix. Recast this problem in a dimensionless form by means of the transformations
where the starred variables are dimensionless and the U quantities are natural physical units defined by
together with
where
is the surface density. The dimensionless equations are dp * dζ * = −ρ * ζ * ,
subject to the boundary conditions
The definition of Σ also requires that ζs * −ζs * ρ * (ζ * ) dζ * = 1.
For physical values of x and y it may be assumed that a unique solution exists, and can be obtained numerically. Let
be the corresponding dimensionless second vertical moment of the density. Then the dimensional quantity is
The numerical solution for Thomson opacity yields ζs * ≈ 2.383 and I * ≈ 0.6777, while that for Kramers opacity gives ζs * ≈ 2.543 and I * ≈ 0.7094. This solution can now be generalized to describe the azimuthal and vertical structure of a warped disc.
Solution of Set A equations
In a warped disc, although many additional effects appear, the equations of Set A can be satisfied by functions having basically the same vertical structure as in the flat disc. However, the coefficients are different and the thickness of the disc also depends on φ. As an intermediate stage to solving Set A, it is proposed that, instead of equations (19)- (21), the relations
hold, subject to the same boundary conditions as above, where f1 and f2 are dimensionless functions to be determined. Physically, f1 reflects the fact that the dissipation rate is enhanced, in a non-axisymmetric way, above its Keplerian value because of the additional shear associated with the induced motions. Similarly, f2 represents changes to the effective vertical acceleration in the disc, caused by inertial forces associated with the induced motions. These relations can be solved as above to give
where the starred functions are exactly the same as before. Note that the surface density Σ must be axisymmetric in order that mass be conserved around the orbit; this can be seen by vertically integrating equation (9). Therefore the U quantities are independent of φ. The disc thickness and the second moment are non-axisymmetric, however, with
Here, as in Paper I, the tilde denotes a non-axisymmetric quantity prior to azimuthal averaging. The azimuthal average is I = Ĩ . Further propose that the velocities are all proportional to ζ and are of the form
as in Paper I. When this is substituted into equation (9), one obtains
Similarly, from equation (13) one obtains
Finally, from equations (10)-(12) one has
identical to equations (I.107)-(I.109).
As in Paper I, define
so that
and f6 = 1.
Then the evolutionary equations for the warped disc have precisely the same form as in Paper I, viz.
where v(r, t) is the mean radial velocity. The dimensionless torque coefficients Q1 and Q4 = Q2 + iQ3 are again obtained from
in which fn stands for fn(φ).
The relation between I and Σ is (from equation 51)
is a further coefficient to be evaluated numerically. This relation was missing in Paper I because the thermal equilibrium of the disc had not been considered. It may be helpful to point out that this relation, but with Q5 = 1, corresponds to the usual relation between the vertically integrated viscosityνΣ and the surface density in a flat disc. The two are linked in that case byνΣ = αIΩ. One of the advantages of using I is that it allows a consideration of inviscid discs (see Paper I). The coefficient Q5 reflects the thickening of the disc in response to increased viscous dissipation.
STABILITY WITH RESPECT TO SHORT-WAVELENGTH PERTURBATIONS
As in Paper I, the evolutionary equations derived are of the general form
where v(r, t) is the mean radial velocity, h(r) = r 2 Ω is the specific angular momentum, and the torque components have the form gi(r, Σ, |ψ|). The system is of parabolic type and can be thought of as a non-linear advection-diffusion-dispersion system. In the case of a flat disc, the problem reduces to a non-linear diffusion equation for the surface density. It is well known (Lightman & Eardley 1974 ) that local thermal-viscous instability occurs if ∂(νΣ)/∂Σ < 0. (It is assumed that h ′ > 0, because otherwise the orbital motion itself is unstable.) In the notation of the present paper, this criterion corresponds to ∂I/∂Σ < 0. It is important to find the generalization of this condition to the case of a warped disc.
First eliminate v to obtain
Consider the stability of any given solution of this equation with respect to linear Eulerian perturbations (δΣ, δℓ). Note that
and ℓ · δℓ = 0. The perturbed angular momentum equation has the form
Now suppose the perturbations vary much more rapidly with radius and time than the unperturbed solution, so that they have the form
multiplied by more slowly varying functions. Here |ωt|, |kr| ≫ 1 and one may formally let k → ∞ (although in reality the equations become invalid when k is comparable to 1/H). If one adopts the arbitrary scaling |δℓ|
Equation (74) should then be projected on to the orthonormal basis (ℓ, m, n) defined by r(∂ℓ/∂r) = |ψ| m and ℓ×m = n. Writing δℓ = δm m + δn n, one obtains, at leading order in k,
while δ|ψ| = ikr δm. The solvability condition yields a dispersion relation in the form of a cubic equation for ω/k 2 ; instability occurs if any of the roots has a positive imaginary part, since then short-wavelength disturbances grow exponentially in time.
It has been shown that, under the assumptions of this paper, the torque coefficients have the form
with
where the exponent p = 5/3 (Thomson) or 10/7 (Kramers), and F (r) is some function. Define the dimensionless growth rate s by
then the cubic dispersion relation corresponds to
where a = h/(rh ′ ), and a prime on a Q coefficient denotes differentiation with respect to |ψ|. If the disc is initially flat (|ψ| = 0), the dispersion relation has roots
For stability, one requires apQ1 < 0 and Q2 > 0. Note that p > 0 (or, rather, ap > 0) is the usual criterion for thermal-viscous stability as discussed above. For a flat disc, the Q coefficients always satisfy Q1 < 0 and Q2 > 0, except possibly for unphysical rotation laws. The condition Q2 > 0 means that the effective diffusion coefficient for a small warp introduced into the disc is positive.
For an initially warped disc, the dispersion relation contains |ψ| as a parameter and its roots must be determined numerically along with the Q coefficients. Instability occurs when a root exists with Re(s) > 0. 
NUMERICAL RESULTS
The numerical evaluation of the dimensionless torque coefficients proceeds similarly to Paper I. Attention is restricted here to the case of a Keplerian disc (q = 3/2) with adiabatic exponent Γ = 5/3 and vanishing bulk viscosity (α b = 0). In Figs 1-3 the coefficients Q1, Q2 and Q3, and also the products Q1Q5, Q2Q5 and Q3Q5, are plotted as functions of the amplitude |ψ| of the warp. Three values for the viscosity coefficient, α = 0.01, 0.1 and 1, are investigated, and both Thomson and Kramers opacity are considered. The coefficients Q1, Q2 and Q3 depend very little on the opacity law and are very similar to their values for the polytropic disc considered in Paper I. However, the coefficient Q5 increases rapidly with increasing amplitude, reflecting the thickening of the disc in response to increased viscous dissipation. The precise behaviour of Q5 depends to some degree on the opacity law. The products Q1Q5, Q2Q5 and Q3Q5 reflect the true variation of the three torque components with the amplitude of the warp.
If α is large, say α = 1, the variation of Q1Q5, Q2Q5 and Q3Q5 with amplitude is modest. However, for smaller α the variation can be significant. In particular, if α < ∼ 0.05, Q1 can eventually become positive, meaning that the usual viscous torque parallel to ℓ is reversed. However, as noted in Paper I, the disc becomes highly non-axisymmetric in this limit and the validity of the solution appears questionable.
The roots of the local dispersion relation for short-wavelength perturbations can be calculated from this information. The system is found to be stable for 0 ≤ |ψ| ≤ 1 when α = 0.1 or α = 1. However, for smaller α, instability is found for sufficiently large |ψ|. The critical values of |ψ| for various values of α are listed in Table 1 . Instability usually, although not invariably, occurs where Q1 is already positive.
SUMMARY AND DISCUSSION
Summary of results
Under the assumptions of this paper, the non-linear dynamics of a warped accretion disc may be described by one-dimensional conservation equations for mass,
and angular momentum,
Here Σ(r, t) is the surface density, v(r, t) the mean radial velocity, Ω(r) the orbital angular velocity and ℓ(r, t) the tilt vector. The internal torque is 2πG(r, t), given by
where I(r, t) is the azimuthally averaged second vertical moment of the density. Finally, T (r, t) represents any external torque due to self-gravitation, radiation forces, tidal forcing, etc. The dimensionless coefficients Q1, Q2 and Q3 depend on the rotation law and the shear viscosity, and also, in the non-linear theory, on the adiabatic exponent, the opacity law, the bulk viscosity and the amplitude |ψ| = r|∂ℓ/∂r| of the warp. For an ideal gas and a power-law opacity function, the relation between I and Σ is
where Q5 is a further dimensionless coefficient, equal to unity for a flat disc. Rosseland mean opacities for a standard 'solar' chemical composition have been computed by, e.g., Iglesias & Rogers (1996) , who tabulate log κR as a function of log T and log R = log ρ − 3 log T + 18 (all quantities expressed in CGS units). Power-law opacity functions of the Thomson and Kramers type offer a fair approximation to two large sectors of this table. Fiducial values of Cκ = 0.33 for the Thomson region (based on log T = 7 and log R = −7) and Cκ = 4.5 × 10 24 for the Kramers region (based on log T = 4.5 and log R = −3) will be c 0000 RAS, MNRAS 000, 000-000
adopted. The errors in these quantities, especially the latter, are quite large, but fortunately the dependence of I on Cκ is very weak (I ∝ C 1/3 κ for Thomson and I ∝ C 1/7 κ for Kramers), so Cκ need not be defined very accurately. For a Keplerian disc (q = 3/2) with µm = 0.6, this gives
for Thomson opacity and
for Kramers opacity, where all quantities are referred to CGS units. The numerical coefficients quoted here involve estimated uncertainties of 10-20% owing to variations in Cκ and µm, depending on how the power-law opacity regions are delineated. Minor adjustments may also be required to account for the effects of finite optical thickness and/or external irradiation, as discussed in the Appendix. The Q coefficients can readily be calculated numerically by solving a set of ODEs in azimuth. These are
in which fn stands for fn(φ). These are subject to periodic boundary conditions fn(2π) = fn(0) and the normalization condition f6 = 1, where the angle brackets denote azimuthal averaging. The required coefficients follow from
Apart from the torque component with coefficient Q3, a direct correspondence with the notation of Pringle (1992) can be made by identifying
Therefore ν1 ∝ −Q1Q5 and ν2 ∝ Q2Q5. The numerical evaluation of the Q coefficients (Section 4) demonstrates that the qualitative behaviour of ν1 and ν2 depends on the value of the small-scale viscosity coefficient α. For large α, say α = 1, both ν1 and ν2 increase with increasing amplitude. For smaller α, ν1 decreases with increasing amplitude and may even become negative; while ν2 first increases and then decreases. Also important is the variation of ν1 and ν2 with Σ, which is the same as for a flat disc.
Discussion
The non-linear theory derived in this paper is suitable for many applications. Some comment is warranted on the meaning of the solution and the conditions under which it is expected to be valid. Starting from the basic fluid-dynamical equations in three dimensions, I have derived one-dimensional evolutionary equations using a consistent asymptotic expansion that is based on the thinness of the disc, H/r = O(ǫ), and the consequent separation of the orbital and evolutionary time-scales. The theory is fully non-linear in the sense that warp amplitudes |ψ| of order unity are allowed for. Although this 'solution' is not an exact solution of the Navier-Stokes and accompanying equations, the theory presented here is asymptotically exact, meaning that it differs from an exact solution by an amount that tends to zero as O(ǫ) in the limit ǫ → 0. It may be noted that any attempt to define the tilt vector of a disc of non-zero thickness to an accuracy better than O(ǫ) is somewhat arbitrary.
The validity of the solution should be questioned when this error, although formally O(ǫ), is numerically large and accumulates rapidly. This is expected to occur for a Keplerian disc when α < ∼ H/r, when a resonance occurs, as described in Paper I. In this case ǫ is not small enough for the asymptotic analysis to apply. On the other hand, the SPH simulations of suggest that, even when α < ∼ H/r, the evolution of warps again becomes diffusive in character when the amplitude is large. This is consistent with the observation made in Paper I that the resonant behaviour is weakened at large amplitude; it can also be seen from the upper panels of Fig. 2 , where the resonant peak in the coefficient Q2 is located at small amplitude only. It would be useful to make more detailed comparisons between SPH simulations and the present theory.
Although found shock-like features in some of their simulations, this occurred when the wavelength of the bending disturbance was comparable to the disc thickness so that a collision occurred between oppositely directed horizontal flows. The present theory does not allow for such short-wavelength disturbances. In any case, it is not expected that strict discontinuities will occur in a solution of the Navier-Stokes equation.
A further issue is the stability of the solution. As shown in Section 3, if a flat disc is stable to the thermal-viscous instability, it usually remains viscously stable when it is warped. † An exception arises if α is small, say α < ∼ 0.05, when the disc may become locally unstable at sufficiently large warp amplitude. It has been noted, however, that the deformation of the disc is more extreme in this limit, and the induced motions are more likely to be hydrodynamically unstable. Therefore the viscous instability, whose physical origin is unclear, may not occur in practice. It is not evident what the true outcome of a large-amplitude warp in a low-viscosity disc would be, but the parametric instability discussed by Gammie, Goodman & Ogilvie (2000) is likely to be important.
Provided that α is not so small as this, the principal remaining uncertainty in this analysis concerns the modelling of the turbulent stress tensor. The simplest assumption, adopted here as in almost all theoretical work on accretion discs (and, implicitly, in SPH simulations) , is that the stress behaves similarly to an isotropic viscosity. Measurements of the damping rate, caused by magnetohydrodynamic turbulence, of shearing motions of the type induced in a warped disc (Torkelsson et al. 2000) broadly support this hypothesis, but more numerical and theoretical effort is required in this area.
The very innermost part of a disc around a neutron star or black hole is dominated by radiation pressure and Thomson scattering opacity. This case would require a treatment of the radiation-hydrodynamic equations and is beyond the scope of this paper. However, one can anticipate that the evolutionary equations are identical in form and that the appropriate I-Σ relation for a flat disc is modified with a Q5 coefficient in a similar way. However, the detailed variation of the Q coefficients would require a further investigation.
Discs in binary systems are subject to tidal forces that cause a distortion of the flow, possibly including spiral shocks. The interaction of such distortions with a warp requires further investigation. If spiral shocks are the dominant mode of angular momentum transport in the disc, the 'viscous' theory developed here and elsewhere may not be relevant.
In conclusion, this paper provides the logical generalization of the alpha theory of Shakura & Sunyaev (1973) to the case of a time-dependent warped accretion disc. It is derived directly from the basic fluid-dynamical equations, and is valid even for warps of large amplitude. The scheme is suitable for practical applications: it is expressed in physical units, it requires the solution of only one-dimensional equations from which the fast orbital time-scale has been eliminated, and it allows numerous external effects to be included in terms of the torque that they exert on the disc. Such applications will be presented in future publications. 
where Tirr = Tirr * UT , 
Therefore δ is an approximate inverse measure of τc.
The computed values of I * for some representative values of δ and Tirr * are given in Table A1 . Also given are the optical depth at the mid-plane τc, the surface temperature Ts * and the central temperature Tc * . The contribution of the atmosphere to Σ and I has been neglected. It can be seen that a noticeable change in I * occurs, as expected, when the optical thickness is not large, or when the irradiation temperature exceeds the central temperature of the non-irradiated solution. However, the fractional change is less than 30% even for a strongly irradiated disc with τc ∼ 10. It has not been found possible to give an exact solution for the vertical structure of a warped disc including the photospheric boundary conditions. The difficulties are especially pronounced in the case of a disc irradiated by the central X-ray source, since the irradiation then varies strongly with azimuth (especially if the disc is partially self-shadowed) and is one-sided, breaking the symmetry of the vertical structure. However, for α < 1 the thermal time-scale is longer than the orbital timescale and it is appropriate to average the irradiation over the orbital motion of the fluid. This restores the symmetry about the mid-plane and suggests that the effect on the I-Σ relation will be similar to that found above for a flat disc.
